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Outline

» Coupling for RVs and MCs.
» Maximal Couplings of MCs.
» Algorithm for Maximal Couplings.

> Examples.
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Coupling and Total Variation

Definition 1 (Coupling of Random Variables)

Let v1, v, be probability measures on a countable set S. A coupling of v1 and v, is an
S X S-valued random vector X = (X1, Xo) with P(Xi € -) = vy, k=1,2.

Definition 2 (Total Variation)
Let v1,v> be probability measures on S. Define the total variation distance

drv(v1,v2) = max(vi(A) — v2(A)) = > (nl) - w()

Jv1()>va(f)

= 1= min(s().120) = 5 3 1al) - 120)l
J J
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Proposition 1
1. If X is a coupling of v1,v2, then d1y(v1,12) < P(X1 # X2).

2. There exists a coupling attaining the equality. A coupling with this property is
called maximal.

Proof
L dry(vi,12) =1 =37 min(r1(j), 12(j)) <1 =35 P(Xe =) = X2) = P(X1 # X2)
N—
>P(X1=j=X2)

2. From above, any coupling with the property
P(Xy = j = Xo) = min(v1(j), v2(j)), j € S will be maximal. Finding one is
immediate from a decomposition of measures:

m=min(v1,1n), ax = vk —m, k=1,2.
—_— ———

coupling measure excess measure

e Sample C ~ Bernoulli(m(S)), and M, Z;, Z> independent of C with respective
distributions proportional to m, a1, ay (set to zero if the respective measure is

zero).
e The equality is achieved by the pair Xy = CM + (1 — C)Zy, k=1,2.
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Proposition 1

1. If X is a coupling of v1,v2, then d1y(v1,12) < P(X1 # X2).

2. There exists a coupling attaining the equality. A coupling with this property is
called maximal.

Proof
L dry(vi,12) =1 =37 min(r1(j), 12(j)) <1 =35 P(Xe =) = X2) = P(X1 # X2)
N—
>P(X1=j=X2)

2. From above, any coupling with the property
P(Xy = j = Xo) = min(v1(j), v2(j)), j € S will be maximal. Finding one is
immediate from a decomposition of measures:

m=min(v1,1n), ax = vk —m, k=1,2.
—_———

coupling measure excess measure

e Flip coins to simulate Sample C ~ Bernoulli(m(S)), and M, Z;, Z> independent
of C with respective distributions proportional to m, a1, ax (set to zero if the
respective measure is zero).

e The equality is achieved by the pair Xy = CM + (1 — C)Zy, k=1,2.
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Coupling of MCs

Setup

» p, a TF on a countable state space S, and u1, up, probability distributions on S.
> (p, uk)-MC: a MC Xy = (Xk(t) : t € Zy) with TF p and initial distribution fu.

Definition 3 (Coupling of MCs)

> A (p, u1, u2)-coupling: An'S X S process

X = (X1, X2) = (X(t) = (X1(t), Xo(t)) : t € Z4), where Xy a (p, pk)-MC,
k=1,2.

» Coupling time: T =inf{t € Z1 : Xi(t) = Xo(t)}.
> Assumption: couplings are sticky, Xi(T +t) = Xo(T + t) fort € Z.

Example 1

p is SSRW on Z, u1 = o, p2 = 62 for some k € N.
» Independent coupling: X, is independent of Xj.

P Reflection coupling: increments of Xy are opposite to those of X;.
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The Coupling Connection

Let X, be a (p, ux)-MC. Write pj for the distribution of X (t):

Pi(j) = P(Xi(t) = J) Zuk( Np'(i,j), J€S.

Proposition 2 (Coupling Inequality)
If X a-(p, p1, 12) coupling, then

drv(pi,ps) < P(T > t), t € Zy.
The coupling is called maximal if equality holds for all t € Z ..

Theorem 1 (Griffeath ‘74, Pitman ‘76, Lindvall ‘92, etc.)

There exists a maximal (p, 1, p2)-coupling.

Comment
» Difficulty comes from the fact that we need to maximally couple all distributions
simultaneously: the initial distributions, the propagation of their excesses, etc.
» There is a zoo of various couplings. Some depend on particular structure and
geometry (e.g., reflection, monotone), while others are more general (e.g.,
independent, one-step greedy, global maximal, and shift couplings).
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Example: SSRW

Setup
» pis SSRW on Z, pu1 = 8o, 2 = Sok-
> D = (D(t) = Xao(t) — Xu(t) : t € Z,) difference process, D(0) = 2k.

» Then T =inf{t € Z, : D(t) = 0}.

Reflection Coupling

> Xo(t) = 2k — Xi(t).
» D is RW with increments +2, —2 with resp. prob. %,

Nl

Independent Coupling
» D is RW with increments +2, 0, —2 with resp. prob.
of D for Reflection.

1,11 a “lazy" (slowed-down) version

Conclusions
P Tindpendent stoch. dominates Tefiection = Independent is not maximal.

P Reflection is maximal, as by symmetry:
1. T is the hitting time of the midpoint k by both Xi, X>.
2. pi(j) > pi(j) if and only if j < k, and so
drv(p{,p;) = E[I{Xl(t)<k)} — 1{X2(t)<k} , T > t] = P(T > t).
w—d

2{T>t} =0on {T>t}
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Example: 3-State Symmetric Chain

1 3 2 1
P=% 2 1 3| ,p1 =01, =0
1 3 2

"“Greedy Coupling”

Maximize meeting probability for every step.

» Conditioned on {Xi(t) # X2(t)}, the probability of {Xi1(t 4+ 1) = Xo(t+ 1)} is at
most the sum of minima of the reps. rows = % + % + % = % for any pair of

states.

» Therefore P(T > t) = 37t. Maximal?

> But e. values of p are 1 :I:\lr (calculate the traces of p, p?), and so (spectral

theorem)

drv(p1, p3) = @((f)) t@((i)t)- Oops.

» Where's the catch?



Example: 3-State Symmetric, Continued

Explanation

>
>
| 4

Coupling is for distributions, not states.
Distributions are convex combinations of rows, not necessarily rows...

Applying greedy to the propagated distributions results in the following diagram:

51,62 —/> ((51 +(52) 53 —> (52,(51) _
%,_/

normalized excess

resulting in the probability % X % = % of not coupling in any two consecutive

steps, achieving maximality.

Additional discussion

>

>

A Markovian coupling is one in which the component processes are MCs with
respect to the joint filtration. The discussion is a proof that there does not exist
a maximal Markovian coupling in this case.

Here, however, one can construct a MC which is a maximal coupling.
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Maximal couplings and what's in this work

Pitman's construction
> Key observation: maximality determines the distribution of (X1(T), T).

» Sample (X1(T), T). Conditioned on that, sample X; and X, backward in time,
independently as some specific time inhomogeneous Markov chains.

This work

» The mathematical object presented here is identical to Pitman's construction.
The differences are in details of the construction, resulting in a working algorithm
for computer simulation.

» Maximal couplings require iterative computations that introduce complexity.

These calculations also provide the total variation, so maximal couplings are not
efficient method for probabilistically estimating the total variation.
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Measure Decomposition: The Bookkeeping Slide

Adaptive Decomposition

Idea. Maximally couple the initial distributions (Prop. 1-2), propagate the excess, repeat...
Define three sequences of sub-probability measures on S indexed by t € Z:

mo = min(u1, p2) and ago = pk — mo, k=1,2.
——— ——
max coupling at time 0 excess

Continue inductively, through propagation of the excess measures:

mey1 = min(p(a,e, -), P(az,e, -)) ak,e+1 = Plak,e, ") — Mey1.
| —
max coupling at time t+1 excess

Linearization
The non-linear decomposition can be linearized through absolute continuity.

> a0() < pk(j) = 3dk,o(i) € [0,1], ak0 = di,0(j) 1k ()
> ap er1() < pak,t, ) = Fdk,er1() € [0, 1] ak,e11() = plax,t,5)dk,e+1()-
Thus, letting

¢ (i, ) = p(i, j)d,:(j) and Gi,e = p(i, ))(1 — dit(j)), tEN, i,j€S
N~

coin flip!
we have
‘ Excess ‘ Coupling
Initiation ak,0 = dk,0ftk mi,0 = (1 — dk,0)k,0

Linear propagation Ak, t+1 = qk,H»l(ak.tv ) me41 = ak,t+l(ak.t7 )
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Path Measures
The decomposition can be lifted to path measures:

Path Measure | t —th marginal

ai(i) = ay0(io) TTo<s<e—1 Gs+1(is, is1), t € Zy, 1€ ST Dioreonsie_q () = ak,e(it)

. mo(ip) t=0 . )

ak,t\1) = . . _ . . : : Ak, t\1) = melit),
t() ak(’(]y---7’t—1)qk,t(’t—17’t) teN Zlo,...,lt_l t() ( )

If m:(it) > 0 one can define a probability measure 3y ; ; on S*+1 through

3, (i)

ape,i (i) = me(i)’

Key Observation. Linear propagation implies 3y ; j, can be sampled step by step, in
reverse.

Lemma 3 (Reverse Chain)

Fort € N,

- . <. . <~ . . — ..
ak,t,it(l) = q(lh ’t—l) qk,t_1(’t—17 lt—2) s qk,1(’17 ’0)7
< — .
where G g, q s are TF given by

ay,s—1())qk,s U i)

3,s-10) ks U, 1)
ms(i) '

— . oy
and G(1) = =
,S

< ..
qk,s(’vJ) =
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Some Notation

In the next two definitions we assume that X is a (p, p1, p2)-coupling.

Definition 4 (Single Process Coupling Measures)

The pre- and up-to-coupling coupling measures of the k-th marginal, PCy,UC are
the family of measures given by

PCL(i) = P(X([0,t]) =i, T > t)
UCK(i) = P(Xk([0,t]) =i, T =t), t € Z4,i=(io,...,it) € St

Definition 5 (Multiplicative Measures)

Suppose (vt : t € Zy) is a family of sub-probability measures with v a measure on
St+1. The family is k-multiplicative if there exist constants dy .(-) € [0, 1] so that

ve(i)) = [ dis(is)P(Xk([0,8]) =), t € Zy, i=(,..., i) € S

0<s<t

Comment
The family of path measures (ax(-)|ge+1 : t € Z4) is multiplicative.
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Maximal Couplings: Properties

Qualitative:

Lemma 4

Let X be a (p, p11, p2)-coupling. The coupling is maximal if and only if, for all t € Z
with P(T > t) > 0,

P(Xi(t) €-|T >t) L P(Xa(t) €-|T > t).

Quantitative:

Proposition 5
Let X be a maximal a-(p, p1, p12)-coupling.

> Then P(Xi(t)=1i,T > t) = oy,(i)
P(Xk(t) =i, T =t) = me(i)
» If, in addition, PCy is k-multiplicative, X then for t € N and i € St*!

-1
PCk(i) = ako(io) [ [ axs+1(is, is+1)
s=0

UC(i)

PCx(ios - - - it—1) ke (it—1, it)
= 3k, 1,i, () me (it).
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Maximal Coupling Construction
This is our version for Pitman's construction.
Theorem 2
1. Sample X; as a (p, p1)-MC.

2. Sample T: for t € Z1, sample a Bernoulli By with P(B; = 1) =1 — dy_(X1(t))
independently of everything else. Let T be the time of the first success,

T=inf{teZ,: B =1}.

3. Set Xo(T+t)=Xi(T+1t), teZt.
4. Sample X5([0, T]):
> If0 < T < oo, sample X([0, T]) in reverse according to &, 1 x(r) through
Lemma 3.
» If T = oo, sample X, as the inhomogeneous chain of time with initial distribution
32,0b0 dJ . . . . 1 .. .
> and transition from time s to time s + 1 given by Wq2,s+1(ls, is+1)bsi1(is+1),
where aco = limi— o0 a2,¢(S) and bs(is) = lime— oo [T, Gr(ir, irt1)-
Then X = (X1, X2) is a maximal (p, p1, u2)-coupling. Moreover, the pre-coupling
measures PCy 5 are 1,2-multiplicative.

Comments

> Pitman does not address the case T = oo. He first samples (X(T), T) and
obtains both X; and X in reverse, as in the first item of Step 4. This is great as
a mathematical proof, but ineffective for simulation.

» Step 4 can be skipped if primary interest is in PCy.



16/19

Algorithmic Implementation

Maximal Coupling Sampler

1. t+ 0 > Sample X;
2: X1(0) ~ 1
3: while Uniform[0, 1] < di,0(X1(t)) do > Continue until coupling time
4 X(t+1) ~ p(Xa(t), )
5: t+—t+1
6: end while
70 Xo(t) < Xu(t) > Sample conditioned X backwards
8: if t > 0 then
Pl
o X1~ 3.0%() )
10: t<—t—1
11: while t > 0 do
12: Yio1 ~ q,(Xa(t), )
13: t+—t—1
14: end while
15: end if

Comments

» All parameters used are calculated and stored globally during the sampling of X; for reuse in
future iterations, resulting in a speedup in successive samples.

> This algorithm is designed for the case lim¢_, oo d7v(pi, p5) = 0. If the limit is positive, with
that probability the sampling of X; will not terminate.
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Example: RW on Grid

RW on Square Grid

P p is nearest neighbor RW on
a 50 x 50 grid, p1 and po
are concentrated at the
center and corner, resp.

» Time represented by z-axis.

> Xy starts at the center and
sampled until T. t

» Conditioned on (Xi(T), T),
10 independent copies of Xp
are sampled in reverse.

» Gray points represent states
where maximal coupling can
occur.

» The distribution of X5 is

quite different from that of a
RW.
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Example: The Ehrenfest Urn

Maximal Coupling for Ehrenfest Urn (N=400) In(TV) vs simulated In(P(T>t))
o
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3 ©
a
-1~ ®
T T T T T T T T T T
0 200 400 600 800 0 1000 2000 3000 4000
time t
Left image:
N—i

v J=i+1,0<i<N-1
> N =400, lazy model: p(i,j) = 341 j=i, 0<i<N
N j=i—1,1<i<N.
» X; has initial dist. p1 = 4.
» X has initial dist, p2, Bin(N, 0.5) (stationary for p).
» Green curve represents states where max coupling must occur.
Right image:
P Simulation of 500 maximal couplings with same parameters as before.
» Black curve: In dTV(pLI,pLZ).

P red scatter: In of the empirical tail of T.
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